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The paper deals with the splitting properties of the automorphism groups of 
fiuite Chevalley groups. Using the action of symmetries of a Dyukin diagram 
on the corresponding Weyl group, a sutlicient condition is developed for the 
existence of a complement for the inner automorphism group in the automor 
ph-ism group of a finite Chevalley group. The condition is verified for Chevalley 
groups of the classical types (viz., the group of type Al, BI, Cr , and Or) as 
well as the exceptional groups of type EB and E1, under suitable restrictions on 
the base fields. 
1. INTRODUCTION 
B. H. Neumann developed the idea of “Twisted Wreath Product” 
which he applied in the construction of an extension P* of a nontrivial 
abelian group F* by a prescribed nontrivial abelian group B in such 
a way that the lower central series of P* becomes stationary at F* and 
that, furthermore, a system of generators of P* maps module F* on a 
prescribed system of (at least two) generators of B (See [7]). This construc- 
tion was also applied to the proof of a theorem of Guslander and Lyndon 
(See P31). 
It is well known that a minimal normal subgroup N of a finite group G 
is a direct product of conjugates of a simple group H (p. 131, [S]). 
R. Bercov ([l]) has shown that if 
(*) “H is a nonabelian simple and Inn(H) has a complement in 
Au(H),” 
then N has a complement C in G, and that G is a twisted wreath product 
of H by C. Using this, he characterises those finite groups all of whose 
composition factors H satisfy (*) as “Iterated Twisted Wreath” products 
of simple groups satisfying (*). 
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The present work is an attempt to investigate some finite simple groups 
with respect to the condition (*) mentioned above (&$I and 5). 
The groups under consideration are the (finite) Chevalley groups and 
the groups of “Twisted type” ([14], [13]). 
The standard Lie algebra terminology, which we shall use in this 
article, can easily be found in literature (e.g., [4]). Throughout this work, 
B will denote a finite dimensional simple Lie algebra over the complex 
field, H will be a Cartan subalgebra of f? and K will denote a finite field 
with ( K 1 = pn = q as the cardinality of K, p being the characteristic of K. 
2. THE GROUPS AND THEIR AUTOMORPHISMS 
Let 7r = (01~ , 01~ ,..., a&} denote the fundamental (also called simple) 
system of roots relative to a fixed ordering of the additive group P, 
generated by the set 17 of nonzero roots, and let P be the group of weights. 
Then P, is a subgroup of P, P/P? is given in (p. 63, [3]) by Chevalley. 
We shall closely follow the notations of ([13]). A Chevalley group G is 
an automorphism group of a Lie algebra !X, which is obtained from II? 
by replacing the complex field by an arbitrary (finite, for our purpose) 
field K, (cf., [3]). G is generated by some special automorphisms, denoted 
by x,(l), where +r or -r is a fundamental root and t E K. Referring 
back to the underlying Lie algebra L?, the different groups obtained are 
denoted by 4 (I 3 11, & (I 3 2), G (I b 2), DI (I 2 4), E, , -4, & , F4, 
and G, . 
A twisted type group is a subgroup of a Chevalley group G. Suppose 
a: -+ & is a permutation of 7~, which gives rise to what is known as a 
symmetry of the Dynkin diagram of B (cf. [2]) and that t -+ t is an auto- 
morphism of K having the same order as that of permutation 01+ ol. 
Then, 
x,Jt) -2 x,(f) 
is an automorphism of G. A twisted type is the group which is generated 
by certain subgroups of G which are invariant under 6. The different 
twisted types obtained (due to Steinberg, [14]) are AlI, Dzl, Esl, and D12. 
A twisted type group will also be denoted by G. 
All groups mentioned above have trivial centre ([13]). (In fact all 
except five of them are simple, (cf. [3]).) Hence we can, and do, identify G 
with its inner automorphism group. 
A character x of P, , i.e., a homomorphism x of P,. into the multiplica- 
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tive group K* of nonzero elements of K, give rise to an automorphism 
of a Chevalley group G such that 
(2.1) xmx = &(X(4t), cxEI7, t E K. 
The correspondence Hom(P, , K*) -+ Au(G) is an isomorphism. We, 
therefore, can regard $ = Hom(P, , K*) as a subgroup of Au(G). Note 
that 6 n G = 9 consists of restrictions to P, , of characters of P (cf. §IV, 
[31). 
If G is a twisted type, then & is to be restricted to those characters x 
of P, which are self-conjugate in the sense that x@ = x(r); and 6 to 
those characters which can be extended to self-conjugate characters of P. 
Here also G n !ff~ = 9. 
As a linear group, G admits, what are known as, field automorphisms. 
If t -+ f is an automorphism of K, then we have an f E Au(G) such that 
Let F denote the group of field automorphisms. 
Finally, some special type of permutations of roots give rise to auto- 
morphisms of G. These include, so called, symmetries of the Dynkin 
diagram of 9. Extra automorphisms are obtained for the groups Al (I > 2), 
D1 , and E6, since the corresponding Dynkin diagram has nontrivial 
symmetries. Additional automorphisms are also obtained, for groups of 
type Bz and F4 when K is perfect of characteristic 2, and for G, when K 
is perfect of characteristic 3. Automorphisms of this paragraph will be 
called graph automorphisms. Let P denote the group generated by them. 
For our future reference, we list here, nontrivial symmetries of different 
Dynkin diagrams. 
For AL , I 3 2, the only nontrivial symmetry is the mapping 
(2.3) % - %+1--i > i < I. 
For Dz, if I > 4 then 
is the symmetry. For I = 4, each permutation of {al , 01~ , 01~) is a symmetry. 
For E, , 
(2.5) %i - % ; O!i - 016-i 2 i < 5, 
is a symmetry. 
For the remaining diagrams there is no nontrivial symmetry. 
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Let 6 denote the group generated by G and 5, A^ be the one by % and F, 
and A be the group of automorphisms of G. 
3. PRELIMINARIES 
An element a E A can be put as a = gfd; with i, d, f, and g being 
inner, diagonal, field and graph automorphisms, respectively, (cf. 3.2, 
[13]). A = I’Ff$G. If A splits over G, then there is a subgroup C of A 
such that 
CnG=e, CG = A, 
where e is the identity of A. Now A/G z (~/G)(F/G)(@G), hence 
C s (I’/G)(F/G)(@G). Let C, = C n G, C, = C n FG, C, = C n TG. 
Then C, g G/G, C, s F, and C, zx lY As f and g are uniquely determined 
by u=gfdi, FnG=rnG=e. Since G is normal in A andgET 
normalizes F (cf. 5.7, [13]), C, is normal in C and C.& = C,C, . Clearly, 
C,C, n C, = C, n C, = e and C = C&C, . Hence we proved 
(3.1) If C is a complement for G in A then (1) C = C,C,C, , where 
Cl=c?nC, C,=FGnCand C,=rGnC. (2) C, is normal in C 
and C,C, = C&Y,. (3) C, n C, = C,C, n Cl = e. 
As linear mappings on Cartan subalgebra H, the fundamental roots 011 
forms a basis for conjugate space I&* over rational numbers. Harish- 
Chandra ([6]) has shown that there exists a family (pr , pz ,..., pt} of, so 
called, fundamental weights of representations of 8 such that 
P&j) = hi ; i,j = 1,2 ,..., I; 
where h, E H is the co-weight corresponding to OL E W, and Su is the 
Kronecker delta. He also showed that this family of weights forms a 
basis for the group P. Since p E Ho*, 
pi = i &K&K, hjK rational number. 
K=l 
Hence 
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where (A$) is the Cartan matrix of !i!. Finally 
where (A;,) is the transpose of (A& If &) is the Matrix with its (ij)-th 
entry as hij , then 
(3.2) &W,,) = 6 the identity matrix. 
This equation will be extensively used later on for construction of 
some special type of diagonal automorphisms of G. 
4. CHEVALLEY GROUPS 
Throughout this section G will denote a Chevalley group. Observe that 
if x is a character of P,. and ‘p is a symmetry, then the composition x 0 cp 
(i.e., first q~ and then x), is also a character. We now prove the following 
result: 
THEOREM. Suppose we are working under the following cases: 
(a) 1 K ( = arbitrary when G is of the type Gz , Fk or E, ; 
(b) 1 K 1 = 2* or pzn+l, p an o&i prime when G is of the type Bt , CI , 
or E, ; 
(c) 1 K 1 = 2% or pzn+l, p an odd prime, p = 3 (mod 4) when G is of 
the type D,t ; 
(d) I K 1 = 2” when G is of the type D,t+, ; 
(e) 1 K 1 = 0, 1, 2, 3, 5,6 or 8 (mod 9) when G is of the type E, ; 
(f) either (1) g.c.d.(l + 1, 1 K [ - 1) = 1, or (2) 1 K 1 - 1 = d * u 
where d is oddand g.c.d.(d, u) = 1, or (3) (l + 1) = ] K / - 1 = 2 (mod 4) 
when G is of the type At ; 
then the innerautomorphism group Inn(G) has a complement in the full 
group of automorphism Au(G) of G. 
During the proof of the theorem, we shall actually construct these 
complements. The proof falls into two major categories of cases. In the 
first, we shall develop a sufficient condition (cf. (4.1)) for the existence of 
the complements, and obtain the results (4.2) to (4.15), as a consequence 
of it. In the second category, we consider those cases which fall beyond 
the scope of the sufficient condition (4.16). 
In a forthcoming work of the author, the problem of nonexistence of 
such complements is discussed. It has been proved for example, that the 
641/6/3-z 
176 GAUTAhf N. PANJDYA 
complement does not exist when G is of the type &, C, or E, and 
1 KJ =p2n. 
(4.1) Suppose Jj has a complement C’ in 5 such that 
(*) for each x E C’, x 0 q-C’ for every symmetry q~. 
Then C = I’FC’ is a complement for G in A. 
Proof: If 5 = fi take C = I’F. Then (cf. 3.1) C is a complement for G 
in A. Now suppose 5 # 8. If f is a field automorphism of G such that 
off = x,(P), then f generates F. If x E 5 and cy is a root, then, by 
considering the action of fxf-’ on x,(t) one can see immediately that 
fxf-1 = (x3-l, where X”(CQ) = ~(a#‘. Hence F normalizes C’. 
Since ] G/G 1 = 1 &j ) # 1, a graph automorphism can arise only 
from a symmetry (cf. $3.4, 3.5; [13]). Let g be a graph automorphism of 
G and let y be the corresponding symmetry. Effect of gxg-l on x*(t) 
shows that gxg-l = x 0 y. Because of our hypothesis (*)‘, r normalizes 
C’, and hence C = (TF) C’ = c’(rF) is a group. If 6 E A n C, then 
6=gfd,ore=gfdS-lwithS~G.Henceg=f=eandd=S~GnC’C 
5j n C’ = e. Hence 6 = e. Clearly CG = A. This completes the proof. 
An immediate consequence of (4.1) is the following: 
(4.2) I-F is a complement for G in A in the following cases; 
(1) G, , Fa , E8 ; over arbitrary field X; 
(2) BL , C, , E, , DE ; provided the characteristic of K is 2; 
(3) E, ; with I K I = q = 0 or -1 (mod 3); 
(4) Al ; with g.c.d.(l + 1, q - 1) = 1. 
Proof. In each of these cases 5 = 5j. The result follows from (4.1). 
We now consider Chevalley groups which do not fall in any of the 
categories mentioned in (4.2). 
Groups of type BJ , 13 2 
If I K 1 =pfi is odd, then I &fi 1 = 2. BY (3.2) 
%=2Pl-P2, 
a2 = -PI -t2P2 -P37 
. . . = . . . . . . . . . . . . . . . . . . . . . . . . . . . 
CL-2 = -P&-3 + 2Pt-2 -P&-1 7 
CQ-1 = -p&2 + 2P,-1 - 2Pt, 
(111 = -p&l -t 2P, * 
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Asp is odd and there is no nontrivial symmetry for the Dynkin diagram, 
there is no graph automorphism. Hence a complement for 5 in $ is 
sufficient to give a complement for G in A (cf. 4.1). 
(4.3) If j K 1 = 3 (mod 4) then there is a complement C’ for $ in f;. 
Proof. We shall construct this complement explicitly. Let x be a 
mapping of P, into K*, with 
x(4 = -1, x(4 = 1, i # 1. 
Since rr is a basis for P, , x can be extended to a character (also denoted 
by x) of P, . First to show that x cannot be extended to a character of P. 
Once this is accomplished, 
c’ = (x>, x2 = 1 
is the required complement for !jj in 5. 
Suppose x can be extended to a character of P. Let x(pi) = dmi, where 
a is a generator of K*. Since I K* 1 = pn - 1 is even, an even power of a 
cannot be equal to an odd power of a. Since -1 is an odd power (viz. 
(q - 1)/2) of a, cyr = 2p, - pz shows that m2 must be odd. Successively 
we get m4, m6, mL a*. are all odd number. Hence m,-, is odd if 1 were 
odd and rnzp2 is odd if 1 were even. In the first case g = pzel + 2p, and 
in the second one az--l = -pz-2 + 2p,-, - 2pz gives a contradiction. This 
completes the proof. 
The following result shows that we cannot expect a similar result for 
the case when 1 K 1 = 1 (mod 4). 
(4.4) If I K 1 = 1 (mod 4), each character of P, of order two can be 
extended to a character of 8. 
Proox Since x(aJ = +l, X(CYJ are even powers of a. This, and the 
fact that q2 can always be extended to P, for every character 7 of P, , 
shows that x can always be extended to a character of P. 
Groups of type C, , I > 2 
($j/$) = 2 if p is odd. In this case also there is no nontrivial symmetry 
and no nontrivial graph automorphism for G. 
(4.5) If p” = 3 (mod 4) then sj has a complement in 5. 
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ProoJ: The character x of P, , defined as 
x(4 = 1; x(4 = 1, i # i, 
clearly provides a complement for !+j in 5. 
(4.6) If pn = 1 (mod 4), then fi has no complement in !?j. 
Proof: This is easily obtained as we did for & . 
Groups of type E, 
1 $/!+j 1 = 2 if p is odd. There are no graph automorphisms. We clearly 
get the following. 
(4.7) If pn E 3 (mod 4) then the character x of P, such that 
x(4 = 1, x(4 = 1; i 3 2. 
provides a complement for fi in 5. 
(4.8) If pn = 1 (mod 4), then fi has no complement in 5. 
Groups of type E6 
In this case ( !$5j 1 = 3 if pn = 1 (mod 3). The graph automorphism 
occurs only due to the non-trivial symmetry olg -+Q 0~~ , oli -+Q olgmi , i < 5. 
(4.9) If p” z 1 (mod 3) then the condition that $ has a complement C 
in 5 such that x 0 q~ E C’ for all x E C’ holds if and only ifp” + 1 (mod 9). 
ProoJ: Since ) s/$1 = 3, ( C’ I = 3 if it exists. C’ must be generated 
by a character x of order 3. Let ~(a~) = urn‘, where a is a generator of K*. 
(X o cp) E C’ implies that x 0 y = x or x2. In the first case m, = m5 
(modp* - l), m2 = m4 (modp” - 1); and in the late one 2m, = m6 
(mod pn - l), 2m, = m4 (modp” - 1) and mg = m, 3 0 (mod pn - 1). 
If possible, suppose 7 is an extension (to P) of x and let q(pl) = ur, 
r)(p,) = us. Then 
and 
3r E 4m, -j- 5m2 -I- 4m4 i- 2m, (modp” - l), 
s E ml + 2m2 -I- 2m4 -I- m5 -I- 2m, (modp” - 1); 
since 
3mi 3 0 (modp* - 1). 
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If x 0 q~ = x, then 
s~2m1f4mz$2m, (modpn - l), 
3r 3 0 (modp” - 1). 
If x 0 91 = x2, then 
3r = 2m, + m2 (modp” - l), s=O (modpn-1). 
Hence, if pn EE 1 (mod 9) taking K1 = (2m, + mJ3, K2 = 0; r) can be 
well defined. On the other hand, suppose p” 8 1 (mod 9). If we take 
ml = m, = (q - 1)/3; m2 = m5 = 2(q - 1)/3, we see that, if 7 exists, 
then 
(mod q - l), 
i.e., q E 1 (mod 9) which is a contradiction. Hence x provides a comple- 
ment if and only if pn + (mod 9). Finally we can see that x o y E C’ 
whenever x E C’. This completes the proof. 
Case (I). I even. 
Groups of type Dl , I > 4 
In this case I !$j I = 4 if I K 1 = pn is odd. We first need the following: 
(4.10) !&j is a four group. 
Proof. Let x be a character of P, . To show that x2 can be extended 
to a character of P. Note that P/PI is a four group (cf. p. 63, [3]). Hence 
2pi E P, , for all i. Define a character 7 of P such that 
9(PJ = X(2PJ. 
Since x is a character of P, , it can be easily seen that r)(aJ = x(+)“, 
i = 1, 2, 3 ,..., 1. 
(4.11) If I K I = 3 (mod 4) then there is a complement C’ for $j in 5 
such that x 0 9 E C’ for x E c’ and for every symmetry q~ 
Proof. As usual we shall construct this complement. First suppose 
I # 4. Define two characters x1 and x2 of P, such that 
x1(4 = -17 Xl(%) = 1, i # 1; 
x2c%.l) = --I, x2(4 = 1, if/---l. 
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Then none of the three characters x1 , xz, or x1x2 can be extended to a 
character of P. Also, for a symmetry y, q 0 y E c’ for 17 E C’; where C’ 
consists of x1, xz, x1x2 and the identity character of P, . 
If I = 4, x1 and xz mentioned above give a complement for 5 in 5. 
But it is no longer true that 17 0 q~ is in complement if 17 is in it. For this 
case, the following characters work. 
Xl(%) = xda3) = -17 xda2) = xdolq) = 19 
x2(4 = x2(014) = -1, x2(a2) = x2(013) = 1. 
(4.12) If 1 K 1 = 1 (mod 4), then sj has no complement in 5. 
Proqf: This follows easily with the help of (4.10). 
Case (II). I odd. 
Here 
I &f, I = 2 if p” = 3 (mod 4) 
= 4 if pn = 1 (mod 4), 
also P/P,. is cyclic of order four. Hence p2, p4, pa ,..., pze3 E P, ; 
4p, , 4pt-, E P, ; 2~~ , 2p3 ,..., 2p,-, E P, and PH + PI E P, . 
(4.13) If x is a character of P, , of order two and such that 
x(4 = X(%-l), 
then x can be extended to a character of P. 
ProoJ: Define a chracter 77 of P as follows: 
Let 
Take successively 
rl(Pt-2) = x(d = X(%-d. 
rl(Pt-4) = X~%-3~ ?APt-2), 
rl(PI--8) = X(%-d rl(Pz--419 
rl(P1) = x(a3) 17(P2)* 
Let 
‘I(Pz) = xc%), 
rl(P4) = x(013) TdPz), 
TdPz-3) = X(%-4) 77CPl--6). 
Finally take -q(~~-~) = x(cq-,), T( CQ) = 1. Since X(LX~) = rt 1, q can easily 
be seen to be an extension of x. 
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(4.14) For the groups of type Dz , I odd, there is no complement C’ for 
!+j in 5, which is such that x 0 ‘p E C’ for all x E C’ and for any symmetry ‘p. 
Proof. Suppose the contrary. Let x be an element of the complement 
such that x has order two. The only nontrivial symmetry v in this case 
is the one which interchanges are1 and aI . Since x 0 3) is of order two, 
either x = x 0 v or the complement must be a four group. In the former 
case, ~(a~) = x(& and in the latter case, 7 = x(x 0 v) must be of order 
two and ~(a~) = T(cQ-&. In any case, (4.13) gives a contradiction. 
Groups of type AL , I 3 1 
( $145 j = d = g.c.d.(Z + 1, p” - 1). 
(4.15) Let (pn - 1) = du. Suppose that either (1) d is odd and 
g.c.d(du) = 1 or (2) I + 1 = q - 1 = 2 (mod 4). Then $j has a comple- 
ment c’ such that x o v E c’ for any symmetry v and any x E C’. 
Proof. First consider the case when d is odd. Define a character x of 
P, such that 
x(q) = &-1)/d, x(q) = &-1)/d, c=d-1 
and ~(a$) = 1 otherwise. We show that xi, 1 < i < d, cannot be extended 
to P. For, suppose the contrary and let x”(pl) = us. Then 
(I + l)(s - iu) - i(d - 2)u = udm, 
for some integer m. Hence d divides i(d - 2) since (d, u) = 1. As d is odd, 
this gives a contradiction. The group 
C’ = (x>, 
does give a complement for 8 in 5. Also, if g, is the nontrivial symmetry, 
then x o y = x--l. This completes the proof when d is odd. 
Suppose now that d is even. Define a character x of P, such that 
x(4 = -1, x(4 = 1 if i f s, s = (I + 1)/2. 
If x could be extended to a character of P, let x(pl) = a?. Then 
(I + 1)r = (I+ 1112 (4 - I)/2 (mod q - 1). 
Since (I + 1)/2 and (q - 1)/2 are odd, this is a contradiction. Hence x 
cannot be extended to P. Also x o q~ = x, and we get the required comple- 
ment, when d is even. 
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(4.16) Let 1 K 1 = q = pn, p an odd prime, n = an odd integer. Suppose 
further that G is one of the type BE, C, , or E, . 
Then G has a complement in A. 
Proof. Note that 
4 - 1 = pn - 1 = (p - l)(p”-1 + *** +p + 1). 
Since n is odd, the second factor on the right-hand side is an odd number. 
Hence the maximum power, say 2’, which devides q - 1 is the same as 
that which devides pn - 1. Take m = (q - 1)/2’ = (pn - 1)/2’ and 
detine a character x of P, as follows: 
If the group G is of the type BI or E, , define such that 
x(4 = am; x(4 = 1, i # 1. 
For Cr let 
x(4 = a”; x(4 = 1, i # I. 
Since m is odd, x can not be extended to a character of P. 
Now by [15] there is an element w  of the Weyl group such that 
W(“g) = -at for all i. 
Then there exists an element w(w) such that 
O(W) E G (cf. [3]). Also, w(w) can be selected such that w(w)” = e, the 
identity element of G. Now p is an odd prime. Iffis a field automorphism 
of G, then 
4ef = w(w). 
Take 
Cl = 4x~44. 
Then 
(cd2 = e, 
and 
jicJ-1 = Cl. 
Hence, if C, is the group generated by c, , then 
C=FCI 
forms a complement for G in A. 
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5. TWISTED TYPES 
In this section G will denote a twisted type group. Due to the similarity 
between the structures of Chevalley groups and twisted type groups, 
(4.1) can easily be modified as 
(5.1) If fi has a complement C’ in 5 then C = FC’ is a complement 
for G in A. 
Proof. Since fxf -l is a power of x if f E F, C’F = FC’. An element x 
belonging to both C’F and G, must be the identity, because of [13}. 
Result, therefore, follows. 
We shall now investigate different twisted types with respect to this 
condition. 
Groups of type E,,l 
Here I $/$ 1 = d = g.c.d.(3, r + 1) where 1 K I = pn = rz, n is even. 
(5.2) $ has a complement in $ if either 
(1) r + 2 (mod 3) 
or 
(2) rr2 (mod 3), 
and 
r2 + 1 (mod 9). 
Proof. If r $2 (mod 3), then 5 = fi and the result follows trivially. 
Suppose r = 2 (mod 3). Hence I$/5 1 = 3. Define a character x of P, 
such that 
and 
x(a2) = $(@-1)/3 = x(a5) 
xc%> = x(4 = 1. 
We saw (cf. 4.9) that x cannot be extended to a character of P. Also x 
is self-conjugate, i.e., x(~(oL~)) = X(CL~) r, since r = 2 (mod 3). x, therefore, 
gives the required complement for 5 in 6. 
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Groups of type Ad1 
Here I !&j 1 = d = g.c.d.(l + 1,~” + 1). 
(5.3) If d = 1 or d > 1 and r + 1 = du with (d, u) = 1 then 5 has a 
complement in 5. 
Proof: When d = 1, this is trivial. If d > 1, take x E 5 such that 
x(q) = &Jn-w, x(4 = a'd-ll'P"-l'/d 9 
XC%> = 1 if i#l,L 
$, 1 < i < d cannot be extended to P and, as d is odd and (d, u) = 1, 
x is self-conjugate. x generates the required type of complement for 8. 
(5.4) For D,1 with p = 2, and for 012, 5 = !& hence F is a complement 
for G in A. For Dll, p # 2 $J has no complement in 5. 
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